Let R be a Noetherian commutative ring with unit 1 = 0, and let I be a regular proper ideal of R. The set P(I ) of integrally closed ideals projectively equivalent to I is linearly ordered by inclusion and discrete. There is naturally associated to I and to P(I ) a numerical semigroup S(I ); we have S(I ) = N if and only if every element of P(I ) is the integral closure of a power of the largest element K of P(I ). If this holds, the ideal K and the set P(I ) are said to be projectively full. A special case of the main result in this paper shows that if R contains the rational number field Q, then there exists a finite free integral extension ring A of R such that P(I A) is projectively full. If R is an integral domain, then the integral extension A has the property that P((I A + z * )/z * ) is projectively full for all minimal prime ideals z * in A. Therefore in the case where R is an integral domain there exists a finite integral extension domain B = A/z * of R such that P(I B) is projectively full.
Introduction
All rings in this paper are commutative with a unit 1 = 0. Let I be a regular proper ideal of the Noetherian ring R (that is, I contains a regular element of R and I = R). Recall that an ideal J in R is projectively equivalent to I in case (J j ) a = (I i ) a for some positive integers i and j (where K a denotes the integral closure in R of an ideal K of R). The concept of projective equivalence of ideals and the study of ideals projectively equivalent to I was introduced by Samuel in [16] and further developed by Nagata in [8] . Making use of interesting work of Rees in [13] , McAdam, Ratliff, and Sally in [7, Corollary 2.4] prove that the set P(I ) of integrally closed ideals projectively equivalent to I is linearly ordered by inclusion and is discrete. They also prove that if I and J are projectively equivalent, then the set Rees I of Rees valuation rings of I is equal to the set Rees J of Rees valuation rings of J and the values of I and J with respect to these Rees valuation rings are proportional [7, Proposition 2.10] . We observe in [1] that the converse also holds and further develop the connections between projectively equivalent ideals and their Rees valuation rings. For this purpose, we define in [1] the ideal I to be projectively full if the set P(I ) of integrally closed ideals projectively equivalent to I is precisely the set {(I n ) a } consisting of the integral closures of the powers of I . If there exists a projectively full ideal J that is projectively equivalent to I , we say that P(I ) is projectively full. As described in [1] , there is naturally associated to I and to the projective equivalence class of I a numerical semigroup S(I ). One has S(I ) = N, the semigroup of nonnegative integers under addition, if and only if P(I ) is projectively full.
In [7, (3.6) ] and in [1, (4.13) ] it is noted that P(I ) is projectively full for each nonzero ideal I in a regular local ring of altitude two. On the other hand, in [2] we give an example of an integrally closed local (Noetherian) domain (L, M) of altitude two such that M (and hence P(M)) is not projectively full. We mention in the paragraph just before Proposition 4.3 of [2] that a problem we have not been able to solve is whether, for a given nonzero ideal I of a Noetherian domain R, there always exists a finite integral extension domain A of R such that P(I A) is projectively full. In [2, Proposition 4 .3] we give a "logical candidate" for A and prove for this A that there exists an ideal H of A such that every J ∈ P(I ) has the property that (J A) a is the integral closure of a power of H . A special case of Theorem 2.5 in the present paper shows that if I is a regular proper ideal in a Noetherian ring R that contains the rational number field, then there exists a finite integral extension ring A of R such that P(I A) is projectively full. To obtain in Theorem 2.5 such an extension ring A of R, the additional requirement needed in the construction given in Proposition 4.3 of [2] is that certain subsets of the Rees valuation rings of I are unramified with respect to the extension.
We now give a brief summary of the contents of this paper. In Section 2 we show in Theorem 2.5 that if I = (b 1 , . . . , b g )R and {(V 1 , N 1 ), . . . , (V n , N n )} is a nonempty subset of Rees I such that: (a) b i V j = I V j (= N e j j , say) for i = 1, . . . , g and j = 1, . . . , n; and, (b) the greatest common divisor c of e 1 , . . . , e n is a unit in R; then A = R[x 1 , . . . , x g ] (= R[X 1 , . . . , X g ]/((X c 1 − b 1 , . . . , X c g − b g ))) is a finite free integral extension ring of R such that its ideal J = (x 1 , . . . , x g )A is projectively full and projectively equivalent to I A, so P(I A) is projectively full. Also, if R is an integral domain and if z * 1 , . . . , z * m are the minimal prime ideals in A, then P(I B h ) is projectively full for h = 1, . . . , m, where B h = A/z * h . Then in Remarks 2.7.1 and 2.7.2 it is shown that I has a basis b 1 , . . . , b g such that (a) holds if either R is local with an infinite residue field, or n = 1. In Remark 2.7.4 it is shown that (b) may be replaced with the weaker assumption that c / ∈ (N 1 ∩ R) ∪ · · · ∪ (N n ∩ R). Corollary 2.8 states that if R is a Noetherian ring that contains the field of rational numbers, then for each regular proper ideal I of R there exists a finite free integral extension ring A of R such that P(I A) is projectively full. If R is an integral domain, there exists a finite integral extension domain B = A/z * of R such that P(I B) is projectively full.
In Proposition 3.1 of Section 3 we observe the following: (i) R and A satisfy the Theorem of Transition as formulated by Nagata in [9, Section 19]; (ii) A/J = R/I , so there is a one-to-one correspondence between the ideals H in R that contain I and the ideals H in A that contain J ; (iii) A is Cohen-Macaulay if and only if R is Cohen-Macaulay; and (iv) b 1 , . . . , b g is an Rsequence if and only if x 1 , . . . , x g is an A-sequence. The relation between the ideals H in P(I ) and the ideals (H A) a in P(I A) is considered in Corollary 3.2 and Remark 3.3. The special case of Theorem 2.5 where R is local with maximal ideal M and I is either M or a reduction of M is considered in Corollary 3.4.
In Section 4 we concentrate on the case of Theorem 2.5 where n = 1, that is, only one Rees valuation ring (V , N ) of I is considered. In this case, (a) of Theorem 2.5 holds by Remark 2.7.2. If the integer c such that I V = N c is a unit in V , then it is shown in In Example 5.1.1 of Section 5 it is noted that a regular ideal I of R is projectively full if the associated graded ring G(R, I ) has a minimal prime divisor p that is its own p-primary component of (0), while in Example 5.2 it is shown that the projectively full ideal J of Theorem 2.5 may have an embedded prime divisor P that is the center of a Rees valuation ring (U, M) such that J U = M. Then some cases where J a is a prime (respectively, radical) ideal are considered in Example 5.3 (respectively, Example 5.4).
In Example 6.1 of Section 6, we consider the behavior of the projectively full property between R and R + , where R is a Noetherian domain and R + is a Noetherian integral extension domain of R contained in the field of fractions of R. For a nonzero proper ideal I of R, (i) if I R + is projectively full, then I is projectively full, but the converse fails, (ii) there exist examples where P(I ) is projectively full and P(I R + ) fails to be projectively full, and examples where, conversely, P(I ) fails to be projectively full and P(I R + ) is projectively full. In Example 6.4 we present several examples of Noetherian domains R that are not integrally closed and have the property that P(I ) is projectively full for each nonzero proper ideal I of R. In Example 6.6 we present a family of examples of Noetherian domains R for which there exists an integral extension domain B that differs from the integral extension domain obtained using Theorem 2.5, and has the property that P(I B) is projectively full for each nonzero proper ideal I of R. In Example 6.8 we present an example of a normal local domain (R, M) of altitude two such that M is projectively full and the associated graded ring G(R, M) is not reduced. In Remark 6.9, we present an argument of J. Lipman to show that if (R, M) is a normal local domain of altitude two that has a rational singularity, then P(I ) is projectively full for each M-primary ideal I of R.
Our notation is as in [5, 9] . Thus, for example, elements b 1 , . . . , b g in an ideal I form a basis of I if they generate I .
Finite free extension rings A of R in which P (I A) is projectively full
Projectively full ideals are introduced in [1, Section 4], a number of basic properties of such ideals are developed in [2] , and then in Section 4 of [2] it is asked if, for a given regular proper ideal I in a Noetherian ring R, there exists a finite integral extension ring A of R such that P(I A) is projectively full. The main result in this section, Theorem 2.5, shows that this is frequently the case. To prove Theorem 2.5 we use the following preliminaries.
Then D is a semilocal PID, ND = D, and for each nonzero prime ideal p in D it holds that ND ⊆ p, D p is a Noetherian valuation domain, and ND p = pD p .
Proof. Fix cth roots u 1/c 1 , . . . , u 1/c g of u 1 , . . . , u g , respectively, in an algebraic closure of the quotient field of V , and let X 1 , . . . , X g be indeterminates. Now the derivative of f 1 (
where ω is a primitive cth root of the unit element 1 ∈ V ), so it follows from [9, (10.17 
1 . Therefore, since u 1 and c are units in V , it follows that Disc(f 1 (X 1 )) = ±c c u c−1 1 is a unit in V . It therefore follows from [9, (38.9) 
In Theorem 2.5 (and throughout this paper) we let A = R[x 1 , . . . , x g ] (= R g /K) and J = (x 1 , . . . , x g )A, so A is a finite free "root" (integral) extension ring of rank c g of R. Also, for i = 1, . . . , g it holds that x c i = b i ∈ I A, and I A ⊆ J c , so (I A) a = (J c ) a , hence P(I A) = P(J ). Note that for each minimal prime ideal z * in A it holds that A/z * = R g /P (where P is a minimal prime divisor of K) has the form A/z * = (R/(z * ∩ R))[x 1 , . . . , x g ], where x i = x i + z * for i = 1, . . . , g. Since
(for i = 1, . . . , g), so A/z * is generated by cth roots b 1 1/c , . . . , b g 1/c of b 1 , . . . , b g , respectively, in a fixed algebraic closure of the quotient field of R/(z * ∩ R). Proof. If c = 1, then A = R and I and P(I ) are projectively full (by Remark 2.4), so the conclusion holds in this case. Therefore it may be assumed that c > 1. As noted in Remark 2.2, A is a finite free integral extension ring of R and (I A) a = (J c ) a , so I A and J are projectively equivalent in A. Therefore it suffices to show that J is projectively full.
For this, let (U 1 , M 1 ), . . . , (U k , M k ) be all the Rees valuation rings of J , and for j = 1, . . . , k let f j be the Rees integer of J with respect to U j . Then by Remark 2.4 it suffices to show that the greatest common divisor of f 1 , . . . , f k is 1.
For this, by the construction of Rees valuation rings (see [13] , or for a more specific description, [1, (2.9)]) there exists a minimal prime divisor z j of zero in R such that R/z j is a subring
. For j = 1, . . . , n let π j be a generator of N j . Then it follows from (a) that for i = 1, . . . , g there exists a unit
where c j is the positive integer such that c j c = e j , it follows that D j and W j have the same quotient field.
( * )
However, by hypothesis J U j = M f j j , so it follows first that f j = c j , and then that the greatest common divisor of f 1 , . . . , f k is 1 (since k n and the greatest common divisor of c 1 , . . . , c n is 1). Therefore it remains to show that, for j = 1, . . . , n, V * j is a Rees valuation ring of J . For this, by the construction of Rees valuation rings (see [13] , or [1, (2.9)]) there exists a height one prime divisor
where p is a height one prime divisor of b 1,j B j (by the start of this paragraph)), and since C j = B j ⊆ V j , it follows that q j = q * ∩ C j is a prime ideal in C j such that q j ∩ B j = p. Therefore q j is a height one prime divisor of
j is a Rees valuation ring of J (by [13] or [1, (2.9)]), so (2.5.1) holds. For (2.5.2), if R is an integral domain, then it follows from what has already been shown that, for each minimal prime ideal z * in A, the ideal (I A + z * )/z * in A/z * is projectively equivalent to (J + z * )/z * and that (J + z * )/z * has n Rees valuation rings whose Rees integers have greatest common divisor equal to one, so P((I A + z * )/z * ) is projectively full by Remark 2.4. The last statement in (2.5.2) is clear from this. 2 It is clear from the preceding proof that the ring A = R[x 1 , . . . , x g ] and the ideal J = (x 1 , . . . , x g )A are not canonical, in that they depend on the basis b 1 , . . . , b g chosen for I . The next two remarks mention several positive things about the extension ring A, the ideal J , and the proof of Theorem 2.5.
Remark 2.6. The proof of Theorem 2.5 shows the following: if V j is a Rees valuation ring of I , if e j is the Rees integer of I with respect to V j , and if c is the greatest common divisor of e 1 , . . . , e n , then
, the Rees integer of J with respect to U j is c j = e j /c, and the greatest common divisor of c 1 , . . . , c n is equal to one. In particular, if e 1 = · · · = e n (for example, if n = 1), then e 1 = c and c 1 = · · · = c n = 1.
Remark 2.7.
(2.7.1) Concerning assumption (a) of Theorem 2.5 that "b 1 , . . . , b g is a basis of I such that b i V j = I V j for i = 1, . . . , g and j = 1, . . . , n," if R is a local ring with maximal ideal M such that R/M is infinite, then there exists such a basis for I for every nonempty subset . . , n j }). Then by the hypothesis concerning the sets C i and C j it follows that each H i,(j,h) (j = 1, . . . , m and h ∈ {1, . . . , n j }) is a proper subset of I i , so (since R/M is infinite) there exists a basis b i,1 , . . . , b i,g i of I i such that no b i,k is in any H i, (j,h) . Therefore: (i) for k = 1, . . . , g i and for h = 1, . . . , n i it holds
; and, (ii) for k = 1, . . . , g i , for j = i ∈ {1, . . . , m}, and for h ∈ {1, . . . , n j } it holds that b i,k V j,h = V j,h .
Since Q ⊆ R, it follows that assumption (b) of Theorem 2.5 is satisfied for I 1 in place of I , and assumption (a) of Theorem 2.5 is satisfied (for I 1 in place of I ) by the preceding paragraph, so let
, and let J 1 = (x 1,1 , . . . , x g 1 ,1 )A 1 . Then A 1 is a local ring, by Proposition 3.1.5 below, and a finite free integral extension ring of R, by Theorem 2.5. Also, using (i) in the preceding paragraph it follows from Remark 2.6 that the greatest common divisor of the Rees integers of J 1 is equal to one, and Theorem 2.5 shows that P(I 1 A 1 ) = P(J 1 ) is projectively full. Further, by (ii) of the preceding paragraph, each b 1,k (k = 1, . . . , g 1 ) is a unit in each V j,h (j = 2, . . . , m and h ∈ {1, . . . , n j }), so by using [9, (38.9) ] (as in the proof of Theorem 2.5) it follows that there exists a height one prime ideal q j,h in V j,h [u 1,g 1 ] q j,h is a Rees valuation ring of I j A 1 whose maximal ideal is N j,h U j,h = q j,h U j,h (so the Rees integer of I j A 1 with respect to U j,h is e j,h (so the greatest common divisor of these Rees integers of I j A 1 is c j )).
It therefore follows from iterating the preceding paragraph (first with A 1 and I 2 A 1 in place of R and I 1 , etc.) that the conclusion holds. 2
Before deriving more corollaries of Theorem 2.5, we first observe several properties of the extension ring A.
Properties of the free extension ring A
In this section we record some of the properties of the finite free integral extension ring A of Theorem 2.5. Concerning the Theorem of Transition in Proposition 3.1.1, see [9, Section 19 ]. Also, for Proposition 3.1.3, recall that the altitude of an ideal H is defined to be the maximum of the heights of the minimal prime divisors of H . Most of the proofs of the statements in Proposition 3.1 follow readily from the fact that A is a finite free integral extension ring of R. Proposition 3.1. Assume notation as in Theorem 2.5. Then: We give two more corollaries of Theorem 2.5. For the first of these, the integer d in Corollary 3.2.2 is the integer d shown to exist in [7, (2.8) and (2.9)] (denoted d(I ) in [1, Section 4] and in [2] ). It is a common divisor of the Rees integers of I , and is the smallest positive integer k such that, for all ideals G ∈ P(I ), (G k ) a = (I i ) a for some positive integer i. Corollary 3.2. With the notation and assumptions of Theorem 2.5, assume that H is an ideal in R that is projectively equivalent to I . Then: 
Ideals with a Rees integer equal to one
The last part of Remark 2.6 shows that if the number of Rees valuation rings considered in Theorem 2.5 is one, then the ideal J of Theorem 2.5 has a Rees valuation ring U such that the Rees integer of J with respect to U is equal to one. In this section we consider some consequences of this.
We begin with the following proposition. The proof is straightforward, so it is omitted. 
and N ∩ C is a height one prime divisor of bC (by [13] or [1, (2.9)]). Therefore it follows that N ∩ D is a height one prime divisor of bD , so V is a Rees valuation ring of K (by [13] or [1, (2.9)]). Since N = bV ⊆ KV ⊆ N , it follows from Lemma 2.9 that the Rees integer of K with respect to V is equal to one. The remaining conclusions follow from this and Proposition 4.1.3. 2
Example 5.2 below concerns a special case of Lemma 4.2.3
We remark that the hypothesis "e is a unit in V " in Corollary 4.3 holds if either: (i) e is not a multiple of char(V j /N j ); or, (ii) char(V j /N j ) = 0. 
Examples of ideals with some Rees integer equal to one
In Proposition 4.1.3 it was noted that if I is a regular proper ideal in a Noetherian ring R such that some Rees integer of I is equal to one, then I is projectively full. In this section we give some examples of such ideals.
Concerning the conclusion of Example 5.1.2, recall that an ideal I is normal in case each power I n of I is integrally closed. For the proof of (5.1.1), observe that uR p = pR p implies that R p is a discrete valuation ring. It follows that p = pR p ∩ R is the p -primary component of uR , so one of the Rees integers of I is equal to one by Proposition 4.1.1.
For the proof of (5.1.2), if G(R, I ) is a radical ideal, then uR is a radical ideal. Therefore it follows from [9, (33.11) ] that uR is a radical ideal, so each Rees integer of I is equal to one by Proposition 4.1.2. Also, I = uR ∩ R is a radical ideal. Further, uR q = qR q for each (minimal) prime divisor q of uR, so each R q is a discrete valuation ring. It follows that, for all positive integers n, u n R = {u n R q ∩ R | q ∈ Ass(R/(uR))} (by [9, (12.6) ]) and that each u n R q ∩ R is integrally closed, so u n R = (u n R) a , by [11, Lemma 4] . Therefore I n = u n R ∩ R = (u n R) a ∩ R = I n a (by [12, Lemma 2.5]) for all positive integers n, so it follows that I is a normal ideal. 2
Several specific examples of ideals I as in Example 5.1.2 are given in Example 6.6. We delay giving these examples till the next section, since they are also examples of a Noetherian domain R with a proper finite integral extension domain A such that P(I A) is projectively full for all nonzero ideals I of R, and since they are also closely related to Examples 6.1.3 and 6.1.4. minimal prime divisors of I , then J a is a radical ideal that is the intersection of h (and no fewer) minimal prime divisors.
Proof. It follows from the fourth paragraph of the proof of Theorem 2.5 that the Rees integer of J with respect to each of its Rees valuation rings (U 1 , M 1 ) , . . . , (U h , M h ) (with U j the extension of V j constructed in the proof of Theorem 2.5) is equal to one. Therefore J U j = M j , so it follows as in the proof of Example 5.3 that M j ∩ A = (J, p j )A, that J a A (J,p j )A = (J, p j )A (J,p j )A for j = 1, . . . , h, and that each (J, p j )A has a Rees integer equal to one. Also, there exists a one-toone correspondence between the minimal prime divisors p of I and the minimal prime divisors P of J (given by P = (J, p)A), by Proposition 3.1.5. The conclusions clearly follow from this. 2
Examples of projectively full ideals
In For (6.1.2), we use [7, Example 3.4] . Let X and Y be indeterminates over a field E, let R + = E[X, Y ] and let R = E[X 2 , XY, Y ] (so R + = R ). Then I = X 2 R is projectively full, but X 2 R + is not projectively full.
For (6.1.3), let R = E[X 2 , XY, Y ] as in the proof of (6.1.2), and let R + = R[X 3 ] = E[X 2 , X 3 , XY, Y ]. Since I = X 2 R is projectively full, P(I ) is projectively full. However, Proof. For (6.4.1), since EJXK is a discrete valuation ring, it follows from Lemma 6.3 that P(I R) is projectively full for all nonzero proper ideals I of R.
For (6.4.2), since R is a regular local ring of altitude two, it follows from Lemma 6.3 and either [7, (3.6) ] or [1, (4.13) ] that P(I R) is projectively full for all nonzero proper ideals I of R.
For (6.4.3), it is shown in [9] that: dim(R) = 2; the integral closure R of R is a unique factorization regular domain with exactly two maximal ideals M = xR and N ; R M is a discrete valuation ring and R N is a regular local domain of altitude two; M ∩ N is the maximal ideal of R; and, R = R + eR for all elements e ∈ R − R. Using these it can be shown that, for each nonzero ideal I in R, I R = x i q (= I R M ∩ I R N ) for some positive integer i and for some ideal q in R such that q ⊆ N and q M. Since R N is a regular local domain of altitude two, it follows that q a = Q m a for some positive integer m, where Q is the largest element in the projectively full projective equivalence class P(q) (see either [7, (3.6) ] or [1, (4.13) ]). Then, since projectively equivalent ideals H, K have the same Rees valuation rings and proportional Rees integers (by [7, Proposition 2.10] and [1] ), it follows that P(I R ) is projectively full with largest ideal x i/c (Q m/c ) a , where c is the greatest common divisor of i and m. The conclusion follows from this and Lemma 6.3. 2 Remark 6.5. If the Noetherian domain R has a finite integral extension domain R + that is a regular local domain of altitude two, then [7, (3.6) ] or [1, (4.13) ] implies that P(I R + ) is projectively full for every nonzero proper ideal I of R. We present in Example 6.6 specific examples of such rings R. Example 6.6. Let F be a field, let X, Y be indeterminates, let n be a positive integer, let R n = F J{X n−i Y i } n i=0 K, and let M n = ({X n−i Y i } n i=0 )R n . Then R 1 = F JX, Y K is a finite integral extension domain of R n and a regular local domain of altitude two. Therefore P(I R 1 ) is projectively full for each nonzero proper ideal I in R n . Also, M n is a projectively full normal ideal that has only one Rees valuation ring V n and its Rees integer with respect to V n is equal to one.
Proof. That P(I R 1 ) is projectively full is immediate from Remark 6.5.
For the last statement, note first that . . . , n) . For each positive integer j let C j = R j [M j /X j ] and let C j be the integral closure of C j . Then, in particular, C 1 = R 1 [Y/X], and it is well known that C 1 = C 1 and that XC 1 is a prime ideal such that (C 1 ) XC 1 is the ord valuation ring of M 1 (and the only Rees valuation ring of M 1 ). Also, C n [X] (respectively, C n [X]) is a free integral extension domain of C n (respectively, C n ), and
is a free integral extension domain of C n and of C n . Therefore, since C n ⊆ C n , it follows that C n = C n . Also, X n C 1 is XC 1 -primary, so it follows that X n C n is primary for p n = XC 1 ∩ C n . Since the Rees valuation rings of M n are the rings (C n ) p i , where the p i are the (height one) prime divisors of X n C n (= X n C n ), it follows that V n = (C n ) p n is the only Rees valuation ring of M n .
To see that M n is a normal projectively full ideal and that the Rees integer of M n with respect to V n is equal to one, it suffices (by Example 5.1.2) to show that X n C n is a prime ideal.
For this, since X n , Y n is a system of parameters in R n , it is well known that P = M n R n [Y n /X n ] is a prime ideal and that the P -residue class T of Y n /X n is transcendental
It follows that F [Y/X] = C n /(X n C n ) is a finite integral extension ring of the polynomial ring R n [Y n /X n ]/(M n R n [Y n /X n ]) = F [T ], hence X n C n is a prime ideal. 2 Remark 6.7. If one applies the construction in Theorem 2.5 to the ring R n of Example 6.6 and the set {X n−i Y i } n i=0 of generators of the ideal M n = ({X n−i Y i } n i=0 )R n of R n , one obtains a finite free integral extension ring A n of R n . By Remark 2.2 there exists a minimal prime ideal z * in A n such that A n /z * = R n [(X n ) 1/n , (X n−1 Y ) 1/n , . . . , (Y n ) 1/n ] is a proper finite integral extension domain of R 1 = F JX, Y K. However, if instead of applying the construction in Theorem 2.5 to the ideal M n , we instead apply it to the generators X n , Y n of the reduction (X n , Y n )R n of M n , then the free integral extension ring A n = R n [T 1 , T 2 ]/(T n 1 − X n , T n 2 − Y n ) of Theorem 2.5 has a minimal prime ideal z * such that A n /z * = R 1 = F JX, Y K.
In Example 6.8 we present an example of a normal local domain (R, M) of altitude two such that M is projectively full and the associated graded ring G(R, M) is not reduced. Since the images in M n+1 /M n+2 of {x a y b | a + b = n + 1} ∪ {zx a y b | a + b = n} is an F -basis, λ(M n+1 /M n+2 ) = 2n + 3, and the inequalities λ(M n+1 /I 2n+3 ) n + 2 and λ(I 3 M n /M n+2 ) n + 1 imply I 3 M n = I 2n+3 and M 2n+2 = (M 2n+2 ) a . Therefore the ideal I 2n+3 has a Rees valuation ring different from V , and thus is not projectively equivalent to M. We conclude that M is projectively full. We have also shown that M is a normal ideal. 2 Remark 6.9. In [4] , Joseph Lipman extends Zariski's theory of complete ideals of a regular local domain of altitude two to a situation where R is a normal local domain of altitude two that has a rational singularity. Lipman proves that R satisfies unique factorization of complete ideals if and only if the completion of R is a UFD. For R having this property, it follows that P(I ) is projectively full each nonzero proper ideal I . An example to which this applies is R = F Jx, y, zK, where F is a field and z 2 + y 3 + x 5 = 0. In [3, Corollary 3.11], Hartmut Göhner proves that if (R, M) is a normal local domain of altitude two that has a rational singularity, then the set of complete asymptotically irreducible ideals associated to a prime R-divisor v consists of the powers of an ideal A v which is uniquely determined by v. In our terminology, this says that if I is a nonzero proper ideal of R having only one Rees valuation ring, then P(I ) is projectively full. Göhner's proof involves choosing a desingularization f : X → Spec R such that v is centered on a component E 1 of the closed fiber on X. Let E 2 , . . . , E n be the other components of the closed fiber on X. Let E X denote the group of divisors having the form n i=1 n i E i , where n i ∈ Z. Define E + X = D ∈ E X | D = 0 and (D · E i ) 0 for all 1 i n and E # X = D ∈ E X | D = 0 and O(−D) is generated by its sections over X .
Lipman shows in [4] that E # X ⊆ E + X and that equality holds if R has a rational singularity. Also, if D = i n i E i ∈ E + X , then negative-definiteness of the intersection matrix (E i · E j ) implies n i 0 for all i. For if D ∈ E + X and D = A − B, where A and B are effective, then (A − B · B) 0 and (A · B) 0 imply (B · B) 0, so B = 0. Let v = v 1 , v 2 , . . . , v n denote the discrete valuations corresponding to E 1 , . . . , E n . Associated with D = i n i E i ∈ E # X one defines the complete M-primary ideal I D = {r ∈ R | v i (r) n i for 1 i n}. This sets up a one-to-one correspondence between elements of E # X and complete M-primary ideals that generate invertible O X -ideals. Lipman suggested to us the following proof that P(I ) is projectively full for each complete M-primary ideal I if R has a rational singularity. Fix a desingularization f : X → Spec R such that I generates an invertible O X -ideal and let D = i n i E i ∈ E # X be the divisor associated to I . Let g = gcd{n i }. Since E + = E # , (1/g)D ∈ E # . The ideals J ∈ P(I ) correspond to divisors in E # that are integral multiples of (1/g)D. Thus if K is the complete M-primary ideal associated to (1/g)D, then each J ∈ P(I ) is the integral closure of a power of K, so P(I ) is projectively full.
Since the rings R n = F J{X n−i Y i } n i=0 K as in Example 6.6 are normal local domains of altitude two that have rational singularities, it follows that P(I ) is projectively full for each ideal I that is primary for the maximal ideal of R n .
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(i) In [1, Remark 4.2(d)] we noted that it was shown in [7, (2.9) ] that if I is a regular ideal in a Noetherian ring R, then there exists a positive integer d such that, for all ideals J in R that are projectively equivalent to I , (J d ) a = (I n ) a for some positive integer n. This result was also proved in [6, (1.4) ].
(ii) In [1, Proposition 3.3] we showed that Rees I ∪ Rees J = Rees I J if dim(R) 2, and we noted just prior to [1, Proposition 3.3 ] that for the case that R is a pseudo-geometric normal Noetherian domain, this result appears in [3, Lemma 2.1]. The equality Rees I ∪ Rees J = Rees I J was first proved for an equicharacteristic integrally closed analytically irreducible local domain of dimension two in [10, Theorem 3.17 ].
